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ABSTRACT 
 
A quantum vacuum, represented by a viscous fluid, is added to the Einstein’s vacuum, 
surrounding a spherical distribution of mass. This gives as a solution, in spherical 
coordinates, a Schwarzschild-like metric. The plot of g00 and g11 components of the 
metric, as a function of the radial coordinate, display the same qualitative behavior as 
that of the Schwarzschild metric. However, the temperature of the event horizon is 
equal to the Hawking temperature multiplied by a factor of two, while the entropy is 
equal to half of the Bekenstein one. 
 
 
1- INTRODUCTION 
 
   Einstein’s theory of the general relativity has as one of its simplest 
applications, the case of determining the space-time structure in the 
neighborhood of an isolated, static, uncharged and non-rotating spherical 
mass M. In these conditions, the solutions of Einstein’s equations were 
developed by Karl Schwarzschild [1] in 1916. A detailed calculation of   
vacuum spherical symmetric Einstein’s equations leading to the 
Schwarzschild space-time can be found in a book by McMahon [2]. We 
refer also to another treatment of this problem reported by Schmude [3]. 
   In this work, we first intend to “derive” the Schwarzschild metric by 
using special relativity, the equivalence principle, and the Newtonian law 
of gravity. However, the present treatment is somewhat different from 
others simple derivations of this subject, as are those discussed by Sacks 
and Ball [4]. Besides this, we propose a modification of the Schwarzschild 
problem, where the contribution of a viscous’ fluid (a kind of quantum 
vacuum) acting on the test particle used to probe the gravitational field of 
the source M, will also be considered. 
 
2- MAXIMUM FLOATING PRINCIPLE AND THE 
SCHWARZSCHILD RADIUS 
 
   Derek Paul in studying the dispersion relation of the de Broglie waves 
[5], has used the equivalence principle in order to analyze the motion of a 
heavy (guided) photon in the gravitational field. Inspired in Paul’s work 
[5], we developed an alternative way of estimating the Schwarzschild 
radius of a mass M. 
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  Let us suppose a test particle of mass m probing the gravitational field 
of a source particle of mass M. The potential energy, U, of the system 
reads  
 
  
                                         U = - G M m ∕ r.                                            (1) 
 
Next, by using the definition of the de Broglie frequency and the 
equivalence principle, it is possible to write 
 
                                ħ δω = δU = (G M m ∕ r2) δr.                                  (2) 
 
Now let us divide (2) by the zero-point energy of the “de Broglie 
oscillator related to the test mass”. We have 
 
                       δU ∕ (½ m c2 ) = 2 G M ∕ (c2 r0) (δr ∕ r0).                          (3) 
 
Upon to identify ½ m c
2
 with ħω0, we get from (3) the relation 
 
                             δω ∕ ω0 = [2 G M ∕ (c
2
 r0)] (δr ∕ r0).                             (4) 
 
Based in (4) it is possible to write 
 
                            Δω ∕ ω0 = [2 G M ∕ (c
2
 r0)] (Δr ∕ r0).                            (5) 
 
It seems to be the place to invoke the “maximum floating principle”, or 
MFP, namely to seek for a value of r0 such that, simultaneously: 
 
                                      | Δω ∕ ω0| = | Δr ∕ r0 | = 1.                                  (6) 
 
Making the above requirement we find that  
 
                                      r0|MFP = 2 G M ∕ c
2
 ≡ RS,                                   (7) 
 
where RS stands for the Schwarzschild radius. 
 
 
3 – THE SCHWARZSCHILD METRIC 
 
   Taking into account the ideas which lead to equations (2), (3), and (4), 
we write 
 
                                      dω ∕ ω = (G M ∕ c2) r – 2 dr.                                (8) 
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Now we perform the integration 
 
                        ∫L
H
( dω ∕ ω) = (G M ∕ c2)∫R
r
 (r
 – 2
 dr).                               (9) 
 
In (9), we take L = ω0 , and H = ω, and pursuing further we get 
 
                         ω = ω0 exp[(- G M ∕ c
2)(1∕ r - 1∕ R)],                           (10) 
 
and 
 
                      ω2 = ω0
2
 exp[(- 2G M ∕ c2)(1∕ r - 1∕ R)].                          (11) 
 
Making the choice: R = RS, we get 
 
                                  ω2 = ω0
2
 exp( 1 - RS ∕ r).                                     (12) 
 
Now we construct the auxiliary metric 
 
                dσ2 = ω2 dt2 – k2 dr2 – r2( dθ2 + sin2θ dυ2 ).                         (13) 
 
In (13) we take k
2
, such that 
 
                                        k
2
 ∕ k0
2
 = ω0
2∕ ω2.                                           (14) 
 
Relation (14) is a reminiscence of the time dilation and space 
contraction of the special relativity. 
   But we seek for a metric which becomes flat in the limit of weak 
fields, namely as G → 0, or r → ∞. This can be accomplished by 
defining  
 
                 w
2
 = ln( ω2 ∕ ω0
2
 ),       and     κ2 = 1 ∕ ω2.                            (15) 
 
Making the above choices we can write 
 
    ds
2
 = ( 1 - RS ∕ r) dt
2
  –  ( 1 - RS ∕ r)
 – 1
 dr
2
  –  r2( dθ2 + sin2θ dυ2).    (16) 
 
Relation (16) is the well known Schwarzschild metric or Schwarzschild 
space-time. 
 
4 - A QUANTUM VACUUM CONTRIBUTION 
  
   Let us suppose that the vacuum surrounding a source mass M behaves as 
a viscous medium. Therefore the test particle of mass m which probes the 
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gravitational field of the source mass M, experiments a force proportional 
to the particle velocity v. By taking separately the effect of this force on the 
test particle, and using Newton’s second law of motion, we can write 
 
                                       m dv ∕ dt = - p ∕ τ,                                                (17) 
 
where τ is the characteristic time of the problem. Multiplying (17) by v, and 
considering that 
 
                             v dt = dr,             and           p = ħ ∕ r,                            (18) 
 
we have 
 
                                     dKqt = - ( ħ ∕ τ ) (dr ∕ r).                                         (19) 
 
Integrating (19), we obtain 
 
                                     ΔKqt = - ( ħ ∕ τ ) ln( r ∕ R).                                     (20) 
 
In (20), ΔKqt is the decrease in the kinetic energy of the test particle due to 
the work of the viscous force, and R is some radius of reference. 
   Associated to ΔKqt, we define a potential energy given by  
 
                               ΔUqt = - ΔKqt = ( ħ ∕ τ ) ln( r ∕ R).                               (21) 
 
Let us take the total potential energy, U, as 
 
               U = Ugr + ΔUqt = - G M m ∕ r + ( ħ ∕ τ ) ln( r ∕ R).                       (22) 
 
Now we use the equivalence principle, namely 
 
              δU = ( G M m )( dr ∕ r 2 ) + ( ħ ∕ τ )(dr ∕ r) = ħ δω.                       (23) 
 
In the next step we divide δU by mc2, and use the de Broglie relation 
ħ ω = m c2, getting: 
 
              δω ∕ ω = ( G M ∕ c2 )( dr ∕ r 2 ) + [ ħ ∕ (m c2 τ)](dr ∕ r).                  (24) 
 
Upon integrating between ω0 and ω, and from R to r, yields 
 
             ln( ω ∕ ω0 ) = - G M ∕ ( r c
2
 ) +  [ ħ ∕ (m c2 τ)] ln( r ∕ R).                (25) 
 
Next, we make the choice of a very special test mass satisfying the relation 
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                                             G M m = G MP
2
 = ħ c,                                 (26) 
 
where MP is the Planck’s mass. 
   Relation (26) implies this test mass has a Compton length equals to half 
of the Schwarzschild radius of the source mass M. Maybe relation (26) 
keeps a connection with physics theories which includes a fifth dimension, 
as discussed by Wesson [6]. 
   Using (26) into (25), we have 
 
               ln( ω ∕ ω0 ) = - G M ∕ ( r c
2
 ) +  G M ∕ ( c2 cτ ) ln( r ∕ R),             (27) 
 
and 
 
                         ω2  = ω0
2
 exp{- RS ∕ r + [RS ∕ (cτ)] ln( r ∕ R)}.                   (28) 
 
 
In (28), cτ is the mean free path of the of the test particle in the quantum 
vacuum (here considered as a viscous medium). 
Defining 
 
                              cτ = RS,          and      r ∕  R = e r ∕ RS,                          (29) 
 
we get 
 
                            ω2  = ω0
2
 exp[ - RS ∕ r +  ln( e r ∕ RS ) ].                         (30) 
 
   Now, the change of coordinates used in section 3, which led accurately to 
the Schwarzschild metric, gives some confidence in applying the same 
transformation to the present case. Therefore we define again: 
 
                           w
2
 = ln( ω2 ∕ ω0
2
 ),       and     κ2 = 1 ∕ ω2,                       (31) 
 
which leads to: 
 
   ds
2
  = [ ln(e r ∕ RS) - RS ∕ r] dt
2
 – [ ln(e r ∕ RS) - RS ∕ r]
 – 1
dr
2
 – r2 dΩ2,    (32) 
 
where dΩ is the differential of a solid angle. 
Therefore, by considering this kind of quantum vacuum (a viscous 
medium), the components of the metric tensor assumes a zero value in the 
gtt case and acquires a singularity in the grr case, just at r = RS (the 
Schwarzschild radius). We observe that, in order to recover the flat metric 
in the asymptotic limit, we must take both limits G → 0 and ħ → 0. 
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Remember we need to go back to formula (25), as a means to see the 
quantum contribution to the coefficient of the logarithmic term. 
  In figure 1, we plot gtt ≡ g00 and grr ≡ g11, as a function of x = r ∕ RS, both 
for the Schwarzschild and Schwarzschild-like metrics. As we can see from 
figure 1, the two metrics display the same qualitative behavior. 
 
   
Figure 1 – Plot of components of Schwarzschild and Schwarzschild-like 
metrics, where x = r ∕ RS. 
 
5 – HAWKING-LIKE TEMPERATURE AND BEKENSTEIN-LIKE      
ENTROPY 
 
   Next we derive the Hawking-like temperature [7] and the Bekenstein-like 
[8] entropy. We start from the solution for the gravitational field with the 
addition of a quantum vacuum (here represented by a viscous medium). We 
follow a procedure discussed by Zee [9], please see also [10]. 
   By setting t → -iτ, we perform Wick rotation on the metric given by eq. 
(32), obtaining  
 
ds
2
  = -{[ ln(e r ∕ RS) - RS ∕ r] dτ
2
 + [ ln(e r ∕ RS) - RS ∕ r]
 – 1
dr
2
 + r
2
 dΩ2}.  (33) 
 
Now we make the change of coordinates 
 
                                R dα = [ ln(e r ∕ RS) - RS ∕ r]
 1 ∕ 2
 dτ,                            (34) 
 
and 
 
 
                                dR = [ ln(e r ∕ RS) - RS ∕ r]
 -1 ∕ 2
 dr.                               (35) 
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We can write (35) as 
 
                         dR = r
 1 ∕  2
 [ r ln(e r ∕ RS) - RS ]
 -1 ∕ 2
 dr,                           (35A) 
 
or 
 
                        dR ≈ RS
 1 ∕  2
 [ r ln(e r ∕ RS) - RS ]
 -1 ∕ 2
 dr.                             (36) 
 
Defining 
 
                                       r ln(e r ∕ RS) - RS = u                                           (37) 
 
implies in  
 
                             du = [ 1 +  ln(e r ∕ RS) ] dr ≈  2dr.                                 (38) 
 
Inserting (38) into (36) and integrating, we have 
 
                                             R ≈ RS
 1∕ 2
 u
 1 ∕ 2
.                                             (39) 
 
Next we write 
 
                                        R dα ≈ RS
 -1 ∕ 2
 u
 1 ∕ 2
 dτ,                                       (40) 
 
and upon integrating, taking the limits of α between 0 and 2π and of τ 
between 0 and β, we get 
 
                                       R 2π ≈ RS
 -1 ∕ 2
 u
 1 ∕ 2
 β.                                          (41) 
 
By using (39) and (41), we finally obtain 
 
                     1 ∕ β ≡ T = 1 ∕ ( 2π RS ) = 1 ∕ ( 4π G M).                               (42) 
 
Therefore the temperature, T, of the event horizon of this model is given by 
twice the Hawking temperature [7].               
   As a means to obtain the Bekenstein-like entropy let us take the free 
energy of a black hole as the thermodynamic relation 
 
                                                F = E – TS,                                                (43) 
 
where E and F are respectively the internal and free energies and S is the 
entropy. Let us take the extremum of F, by considering an isothermal 
process. We have  
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                                          ΔF = ΔE – TΔS = 0.                                        (44) 
 
To evaluate ΔE, we consider a black hole interacting with itself and think 
about a body of reduced mass equal to M/2. With these ideas in mind we 
can write     
 
                                              ΔE = ½ Mc2.                                               (45) 
    
Substituting T, given by (42) and ΔE, given by (45), in (44) and after 
solving for ΔS, we obtain  
 
                                          ΔS = (2πGM2),                                                (46)  
 
or  
    
                                 ΔS = (1/8) (4πRS
2) ∕ LP
2
,                                        (47)  
 
 
Where LP
2 
= G, is the square of the Planck radius. Taking   
 
                                              S = S0 + ΔS,                                                (48) 
 
and by setting S0 = 0, we get the entropy equal to half of the Bekenstein- 
Hawking one.  
 
6 – CONCLUSIONS  
 
   In a recent paper S. T. Hong studied the five-dimensional Schwarzschild 
black hole [11], looking at their geometrical and hydrodynamic aspects. 
One of the results obtained by him is the Hawking temperature of this five-
dimensional manifold, which differs from the four-dimensional one.          
Making things more explicit, let us write 
 
                                 T
H
d=5 = {2π rH [1 – (rH ∕ r)
2
]
1∕ 2
}
-1
,                             (49) 
 
and  
                               
                                   T
H
d=4 = {4π rS [1 – (rS ∕ r)]
1∕ 2
}
-1
.                              (50) 
 
We notice that result (49) of Hong [11], approaches the result of the present 
work (please see eq. (42)), if we take the limit r → ∞, and rH  = RS. 
   Finally it would be worth to comment that a five-dimensional 
Schwarzschild-like solution of Einsteins’ vacuum was discussed by Steven 
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Millward in a 2006 paper [12]. As was pointed out by him, certain aspects 
of his solution for 5-d were found very different from the 4-d 
Schwarzschild solution, but the geodesics of the two solutions being 
essentially the same in regions accessible to observation. 
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